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Abstract
Liquid nitrogen or other cryogenic liquids have the potential to replace or augment current
energy sources in cooling and power applications. This can be done by the rapid evaporation
and expansion processes that occur when liquid nitrogen is injected into hotter fluids in
mechanical expander systems. In this study, the evaporation process of single liquid nitrogen
droplets when submerged into n-propanol, methanol, n-hexane, and n-pentane maintained
at 294 K has been investigated experimentally and numerically. The evaporation process
is quantified by tracking the growth rate of the resulting nitrogen vapour bubble that has
an interface with the bulk liquid. The experimental data suggest that the bubble volume
growth is proportional to the time and the bubble growth rate is mainly determined by the
initial droplet size. A comparison between the four different bulk liquids indicates that the
evaporation rate in n-pentane is the highest, possibly due to its low surface tension. A scaling
law based on the pure diffusion-controlled evaporation of droplet in open air environment
has been successfully implemented to scale the experimental data. The deviation between
the scaling law predictions and the experimental data for 2-propanol, methanol and n-
hexane vary between 4-30% and the deviation for n-pentane was between 24-65%. The more
detailed bubble growth rates have been modelled by a heuristic one-dimensional, spherically
symmetric quasi-steady-state confined model, which can predict the growth trend well but
consistently underestimate the growth rate. A fixed effective thermal conductivity is then
introduced to account for the complex dynamics of the droplet inside the bubble and the
subsequent convective processes in the surrounding vapour, which leads to a satisfactory
quantitative prediction of the growth rate.
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1. Introduction
The past four decades have seen a rise of
about 90% in global CO2 emission rates, with
those from fossil fuel combustion and indus-
trial processes accounting for 78% of this [1].
To mitigate the negative impact of CO2 emis-
sions on the environment, cleaner energy sys-
tems need to be developed. One of the po-
tential energy systems with zero tailpipe CO2
emissions is utilising the evaporation process
of cryogens, such as Liquid Nitrogen (LN2)
in a constrained volume. It is important to
Preprint submitted to Elsevier August 15, 2019
note that unlike petrol and diesel, LN2 does
not contain any useful chemical energy but is
rather a carrier of thermal energy. Over the
last few decades, two main methods of utiliz-
ing the cold energy of cryogenic liquids have
been investigated. The first method con-
sists of evaporating the cryogenic liquid under
pressure via indirect contact exchange with
an external heat source and then expanding
the pressurized gas in an expander to harvest
expansion work, as done in the case of the
CooLN2NCAR [2] and the Dearman engine
[3]. These systems typically need a large sur-
face area heat exchanger to achieve the high
evaporation rate, which can make the system
costly and bulky. In addition, some of the
pressure and hence the mechanical work will
be lost during the gas intake process (i.e. the
pumping loss). The second method is to in-
ject the cryogen liquid directly into a hot fluid
(gas or liquid) inside a piston engine cylinder
to produce a high pressure gas through the
fast evaporation of the cryogen when the en-
gine is near its smallest volume (i.e. when
the piston is near the top dead centre). This
high pressure pushes the piston to produce
useful work. This approach could avoid the
pumping loss through the gas intake process.
One such system was investigated by Clarke
[4]. The tests were performed on a prototype
cryogenic engine. Nitrogen with a normal
boiling point at 77 K (-196 ◦C) was expanded
by heat exchange with air or water allowing
useful work to be extracted. Upon direct in-
jection of LN2 into the water in the cylinder,
a specific work of only 12.8 kJ kg−1 was ob-
tained ,while the engine seized after a few cy-
cles due to the freezing of engine components
at low temperature. Clarke attributed this
poor performance to the incomplete vapor-
ization of LN2. An indirect heat exchange
system (nitrogen vaporized and pressurized
to 13.3 bar externally) with the same en-
gine, delivered a maximum specific work of
128 kJ kg−1 which was still low compared
to the exergy (744 kJ kg−1 at NTP (i.e. 1
bar pressure at 293 K) of LN2. Clarke found
that for the indirect approach, a large exergy
loss took place across the cryogenic injector
(∼ 350 kJ kg−1) that was designed for va-
porization and pre-pressurization of LN2 in
an isochoric process followed by injection of
pressurised gaseous nitrogen into the engine
cylinder. Therefore, a direct injecting ap-
proach with a significantly improved evapo-
ration rate could potentially be the more ef-
ficient system.While evaporation of cryogens
through indirect heat transfer has been well
studied, there is a paucity of published re-
search available on the evaporation of cryo-
gens immersed in another fluid, especially liq-
uid.The evaporation rate of freely falling LN2
droplets in air was investigated by Awonorin
[5]in 1989. By employing high-speed photog-
raphy to estimate the droplet size and ve-
locity with time, he calculated the average
heat transfer coefficient from the slopes of
the droplet diameter versus time curve on an
average basis. He also provided an empiri-
cal heat transfer correlation in terms of Nus-
selt number, Nu, and obtained higher Nus-
selt numbers than other theoretical predic-
tions. An effort to quantify indirectly the
heat transfer during the injection of an LN2
jet into a pool of water was made in the year
2006 by Wen et al. [6]. The average pressure
increase rate obtained by them was 265.6 kPa
s−1. A thermodynamic analysis based on the
measured pressure trace and the assumptions
of a quasi-equilibrium system and the ideal
gas law suggested that the heat transfer coef-
ficients vary between 4-25 kW m2 K−1. A ma-
jor uncertainty in this calculation was from
the estimation of the interfacial area between
nitrogen and water. In 2010, Clarke et al.
[7] performed a similar experiment as Wen et
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al. albeit with a smaller free volume (50 ml)
and higher cryogenic liquid injection pres-
sures. Their results gave much higher pres-
sure rise rates of approximately 19000 kPa
s−1. They observed that the maximum pres-
surisation occurred when the LN2 jet collided
with the bottom wall of the chamber. By us-
ing the measured pressure trace, Clarke et al.
[7] calculated the total heat transfer to the
injected nitrogen and found it to be 224 J.
The heat transfer to nitrogen from the ves-
sel walls was estimated to be ∼ 32 J based
on an empirical correlation and an estimated
interfacial area. Another experimental work
on LN2 jet boiling in water was conducted
in 2014 by Nakoryakov et al. [8]. This work
was aimed at developing a novel shock-wave
method for gas hydrate formation. Capsules
filled with LN2 were pressurized with helium
gas until they ruptured and injected LN2 into
the water. They observed a liquid core sur-
rounded by vapour. They used a similar in-
jection pressure as Clarke et al. [7] with a
larger free volume (67.4 - 269.6 ml) but ob-
tained pressure rise rates that were an order
of magnitude smaller (3611 kPa s−1).
In summary, although earlier works have
reported some information on heat transfer
rates based on the measured pressure rise
rates, the large uncertainty in the interfacial
heat transfer area casts doubt on the accu-
racy of the effective heat transfer rate. In ad-
dition, instead of a liquid cryogen jet, a well
atomised cryogenic liquid could be used to
achieve a higher evaporation rate due to the
signficiantly increased interfacial area. Con-
sidering that high evaporation rates are cru-
cial for power generation in cryogenic energy
systems, a more accurate quantification of
the evaporation rate of a cryogenic spray is
required to analyse and optimise system de-
signs. Since a cryogenic spray usually con-
sists of numerous cryogenic droplets, the log-
ical first step towards the full spray study
is to measure the heat transfer rate of a
single LN2 droplet while boiling in a hotter
bulk liquid. In addition, a simple conductive
model based on one-dimensional (spherical
coordinate) Quasi-Steady State Approxima-
tions (QSSA) has been proposed to predict
the time-profile of the bubble radius and the
rate of heat transfer during evaporation. In
this paper, the experimental set up, materials
and method are detailed in Section 2. The ex-
perimental results are analysed and discussed
in Section 3. The semi-analytical model is
compared to experimental data in Section 4.
Conclusions from this work are presented in
Section 5.
2. Experimental setup and measure-
ment methods
In this section, the experimental setup used
for visualising the LN2 droplet evaporation
process and quantifying the heat transfer rate
will be discussed. The main hardware in-
cluded an LN2 injector, a test section and
an optical imaging system. A LN2 droplet
having a density ρd = 807 kg m
−3, viscosity
µd = 161 × 10−3 Pa, surface tension σd = 11
mN m−1) was injected into different bulk
liquids (properties are defined in Table 2).
The evaporation process was recorded by the
imaging system for post-processing to quan-
tify the evaporation rate.
2.1. LN2 drop injector and test cell
A vacuum insulated LN2 injector, as
shown in Fig.1, was built in-house to gen-
erate cryogenic droplets in a controlled
manner. A cryogenic solenoid valve (BCryo,
Gems Sensors & Controls) which had an
opening time of 50 ms was used to control
the droplet size and the generation rate.
Downstream of the valve, a luer lock fitting
was used to connect a stainless steel needle.
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Nomenclature
A surface area (mm2) Greek symbols
a capillary length (mm) α diffusion parameter (m2 s−1)
Bo Bond number (-) αl thermal diffusivity (m
2 s−1)
cp specific heat (J kg
−1K−1) ρ density (kg m−3)
D diameter (mm) µ dynamic viscosity (Pa s−1)
g gravitational acceleration (m s−2) ν kinematic viscosity (m2 s−1)
hfg latent heat of vaporisation (J kg
−1) σ surface tension (mN m−1)
k thermal conductivity (W m−1K−1) δ vapour layer thickness (mm)
MN2 molar mass (g mol−1) τ dimensionless time
md droplet mass (kg) κ scaling coefficient (-)
n number of moles (mol) κ′ corrected scaling coefficient (-)
NTP normal temperature pressure
P pressure (Pa) Subscripts
q heat flux (W cm−2) b bubble
r droplet radius (mm) d droplet
R bubble radius (mm) l bulk liquid
R ideal gas constant (J mol−1K−1) 0 initial
Ṙ radial velocity (cm s−1) a atmosphere
Re Reynolds number (-) (cm s−1) eff effective
T temperature (K) i inertial
T mean temperature (K) v viscous
t time (ms) s surface tension
te evaporation time (ms)
v droplet volume (mm3)
V bubble volume (mm3)
The injector was operated at atmospheric
pressure in the current work. The outer
vacuum housing was evacuated to 8 mbar
using a diaphragm vacuum pump (Leybold).
An electrical feedthrough was employed to
connect the lead wires of the solenoid valve
without breaking the vacuum.
The test cell was an optical glass chamber
(Hellma) with inner dimensions of 50×50×50
mm. The sides of this chamber had a paral-
lelism of 20 µm. The centre point of the glass
chamber was carefully aligned with the injec-
tor. An acrylic cover with a central 4 mm
diameter hole was placed on the glass cham-
ber so that only those droplets in the plane
of focus could enter the chamber.
2.2. Optical Imaging technique
Two identical backlight imaging systems,
as shown in Fig.2, were employed at orthogo-
nal directions to visualise the droplet evapo-
ration process. Two Multi-LED light sources
(GSVITEC), each having a power of 7700 lu-
mens were used for the illumination of each
view. A condenser lens was used in front















Figure 1: Droplet generation system. The needle tip was located 400 millimeters above the liquid/air
inteface.
of the light source to increase the amount
of light incident on the object being imaged.
A ground glass diffuser was placed after this
lens to provide a more uniform background.
An iris of 25 mm in diameter was placed
in front of the diffuser to ensure that light
passed only through the desired field of view
(FoV) without any undesirable reflections.
An aspheric condenser lens (diam. 50.8 mm)
was used to provide partial collimation of the
light beam for the detection of fine changes in
refractive index. This optical system was pre-
ferred to a parallel light shadowgraphy sys-
tem because (i) the amount of light required
to visualise the highly mobile LN2 droplet
and bubble was too challenging for a point
LED source with collimation, as required by
the shadowgraphy technique, (ii) a collimated
shadowgraphy system would not have allowed
a proper visualization of the nitrogen droplet
within the bubble.
Two high speed cameras (VEO 710L,
Phantom) set up at a resolution of 1200×800
pixels, and a frame rate of 2000 fps were
used to capture the images from two orthog-
onal views to compute the volume and sur-
face area of the interface. In principle, a per-
fect analytical reconstruction of the 3D in-
terface needs three views. However, in our
experiments, the shapes of the bubbles hav-
ing diameter (Db) ≤ 3.4 mm while growing
at the rates (Ṙ) ≤ 1.8 cm s−1 in an infi-
nite incompressible liquid (i.e. Bond num-
ber Bo = g∆ρD2b/σl ≤ 4 and a Reynolds
number Re = ρb ṘDb/µb ≤ 9, where g =
9.81 m s−2 is the gravitational acceleration,
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Figure 2: Optical setup. The enlightment system is not collimated to enable the visualization of the nitrogen
droplet within the bubble.
∆ρ = |ρb − ρl| is the absolute value of den-
sity difference between the bubble and the
bulk liquid, ρb = 1.8 kg m
−3, ρl = 780.86 kg
m−3 are the densities of the nitrogen bubble
and the bulk liquid (2-propanol) respectively,
σl = 21.74 mN m
−1 is the surface tension
of the bulk liquid interfaced with the bub-
ble, µb = 12.2 × 10−6 Pa s is the viscosity
of the bubble) are ellipsoidal with an aspect
ratio close to unity, as shown by Clift et al.
[9]. Therefore, the error in estimated volume
caused by the absence of the third plane was
small and hence not considered. In addition,
the near spherical bright areas found in both
views of bubbles recorded indicated that the
bubble shape was indeed close to spherical or
ellipsoidal with an aspect ratio close to unity.
Two 60 mm focal length macro lenses (Nikon)
along with 20 mm extension rings were used
to achieve ×1.42 magnification. An external
signal generator was used to synchronize both
cameras and the solenoid valve inside the in-
jector.
2.3. Calibration and Data Analysis
Prior to commencing experiments, the
imaging system was precisely focussed using
a 100 µm spaced glass grid (Thorlabs). The
FoV and magnification of the optical system
were calibrated using a 500 µm spaced glass
grid. The calibration shows the pixel size
is 14.0845 µm/pixel and the field of view is
16.8 × 11.27 mm. The depth of field (DoF)
of the imaging system was computed using a
grid of 250 µm dot spacing which estimated
the depth of field to be approximately 5 mm.
The calibration images were then analysed
for distortion error using an open source im-
age processing software Image J, which re-
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Figure 2: Optical setup. The enlightment system is not collimated to enable the visualization of the nitrogen
droplet within the bubble.
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Figure 3: Volume computation method. Two synchronized images provided by the two cameras (A) are
used to perform an edge detection (B) that enables a fitting by an ellipse (red curve in C). Note that the 3D
reconstructed shape (D) provides the correct volume (within the measurement uncertainty), but the shape
may differ from the actual shape due to the absence of a third view to define the exact orientation of the
droplet.
vealed negligible distortion. The captured
images were then post-processed and anal-
ysed using a Matlab programme, as shown
in Fig.3. A programme built in Matlab pro-
cessed each pair of images from the two cam-
eras using either the Sobel or Canny edge
detection functions depending on the im-
age contrast, taking advantage of these tech-
niques as proposed by Burger & Burge [10]
to binarise the images. An ellipse closest to
the shape the nitrogen droplet/vapour bub-
ble was then estimated using the randomized
Hough transform [11]. A 3D point cloud was
finally generated from the two views, with a
volume computation using the alpha shape
function in Matlab.
The volume computation algorithm was
validated using a spherical ceramic ball of
grade 3 precision (±0.8 µm). The mean di-
ameter of the ball was confirmed to be 3.169
mm using a micrometre gauge. Other sym-
metric objects built to scale using NX soft-
ware (Siemens) were also used for the valida-
tion of the algorithm. Table 1 below shows
that the error in computed volumes and sur-
face areas for such smooth symmetric geome-
tries is small. The main source of these com-
puted errors is from the assumption that the
droplets/bubbles have a regular smooth sur-
face, which are consistent with the recorded
images of the droplets and bubbles. As the
refractive index change between LN2 (' 1.2)
and its vapour (' 1) is small, the program
needed to be validated for a poorly contrasted
boundary. As in the earlier validation, the
same ceramic ball was captured at different
contrasts controlled by the exposure time. In
the worst case, this led to a ±3.86 % error
in the ball diameter, ±5.45 % in the surface
area, and ±6.68 % in the ball volume.
3. Experimental results and discussion
3.1. Qualitative results from high-speed visu-
alization
The process begins with the break off of
a LN2 jet from the injector due to hydro-
dynamic instabilities, such as the Rayleigh-
Plateau instability. The droplet along with
its vapour wake accelerates towards the bulk
liquid surface as shown in Fig.4a. As the
evaporated nitrogen vapour diffuses away
from the surface, the cold vapour could lead
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Table 1: Computed volumes (mm3) and surface areas (mm2) obtained using the Matlab programme (note














Ceramic ball 16.6530a 16.3219 1.9882 31.5311 31.1472 1.2175
Prolate ellipsoid 9.3328b 9.3368 0.0428 23.0192 23.0508 0.1372
Angled ellipsoid 13.7176b 13.7456 0.2041 30.4192 30.5940 0.5746
Oblong ellipsoid 13.1888b 12.9976 1.4497 28.3884 28.0664 1.1342
Plateau instability. The droplet along with
its vapour wake accelerates towards the bulk
liquid surface as shown in Fig.4a. As the
evaporated nitrogen vapour diffuses away
from the surface, the cold vapour could lead
to the condensation of the water moisture in
air to produce the observed wake structure
shown in Fig.4a. Upon hitting the surface,
the droplet deforms the surface while trying
to penetrate it as seen in Fig.4b. While a
smaller droplet just rebounds off the surface,
a large droplet has sufficient momentum to
break through the surface (Fig.4c). As the
droplet breaks through, the large tempera-
ture difference between the bulk liquid and
the LN2 droplet triggers a significant amount
of heat transfer and hence a high evaporation
rate, that eventually leads to a double inter-
face configuration, i.e. a LN2 droplet trapped
inside a bubble with the interface separating
the bulk liquid and the gaseous nitrogen - as
shown in Fig.4d. The droplet while in mo-
tion within the bubble continues to evaporate
and feed vapour into the growing surrounding
bubble (Fig.4e). The surface tension of both
interfaces produces essentially smooth spher-
ical/ellipsoidal shapes. The LN2 droplet, if
large enough, will distort the bubble by a
small amount due to gravity. This produces
a visibly enhanced evaporation rate, and the
droplet receives more thrust force from the
evaporation process and becomes more mo-
bile. As the evaporation proceeds, the bub-
ble grows and rises to the surface while the
droplet gets visibly smaller and obscured by
the dense vapour now filled within the bub-
ble. When the bubble grows large enough
beyond the surface of the bulk liquid, the sur-
face tension will no longer be able to stabilise
the interface due to the drainage of the thin
liquid interface under gravity as shown by De-
bregeas et al. [12]. As a result, the bubble
collapses and releases its contents to the at-
mosphere as seen in Fig.4f. A lighter droplet
would be released into the atmosphere upon
surrounding vapour collapse but a heavier
droplet will remain immersed in the bulk af-
ter bubble collapse as shown in Fig.4g and
continue to evaporate within a new surround-
ing bubble (Fig.4h). A movie showing the
typical repeated evaporation process of a ni-
trogen droplet can be found in the supple-
mentary document A.
3.2. Quantitative results from data analysis
The radial growth of a nitrogen vapour
bubble with different initial droplet sizes has
been computed during the evaporation of
LN2 droplets in 2-propanol (> 95% purity),
n-hexane (95% purity), n-pentane (> 99%
purity) and methanol (99.8% purity). These
liquids were chosen firstly because of their
extremely low miscibility in LN2, secondly,
because their respective surface tensions are
much lower than that of water (72 mN m−1).
Besides, their densities being smaller than
that of LN2, the released LN2 droplet could
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Figure 4: LN2 droplet immersion and boiling process in an immiscible bulk liquid. (a) before impact ; (b)
impact/immersion ; (c) break-off ; (d) initial growth ; (e) growth (close to the surface) ; (f) bubble collapse
; (g) re-trapped droplet ; (h) second bubble growth.
in Fig.5a-d. These results show that the
bubble growth rate is noticeably affected by
the initial droplet size consistently in all four
tested fluids: larger droplets lead to more
rapid growth. However, the initial droplet
size is not the only parameter that affects the
growth rate. Indeed, the latter can be slightly
different when the initial droplet size is simi-
lar (see again Fig.5). This can be due to the
slight difference in the droplet movement tra-
jectory inside the bubble, as observed in the
recorded videos, and the different fluid prop-
erties, such as viscosity and surface tension
(see §3.2.2 for a more detailed discussion).
3.2.1. Scaling law for the bubble growth
During the diffusion-controlled evapora-
tion of a droplet in air at NTP, the decrease
in the radius of a spherical droplet with time
satisfies the classical D2-law [13] of the form
r2d = r
2
0 − αt, (1)
Where rd is the radius of the droplet at time
t, r0 is the initial radius of the droplet, and
α is a diffusion parameter whose value de-
pends on the condition of the surrounding
vapour (e.g. whether Stefan flow presents or
not, whether the bulk is confined or not).
Please note that, mathematically, the D2-law
is developed based on the boundary condition
that the effective latent heat (which takes
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easily break through the surface.
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tion of a droplet in air at NTP, the decrease
in the radius of a spherical droplet with time
satisfies the classical D2-law [13] of the form
r2d = r
2
0 − αt, (1)
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t, r0 is the initial radius of the droplet,and
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Figure 5: Bubble volume growth for a nitrogen droplet boiling in (a) 2-propanol, (b) methanol, (c) n-pentane
and (d) n-hexane maintained at 294 K. For each data set, the correspondence between the symbol and the
initial bubble volume V0 (mm
3) and the initial droplet volume v0 (mm
3) is given in the legend. Gaps in the
data, when measurement are not possible are filled with dotted lines to improve readability.
into account the droplet heating) is a con-
stant value and does not require the quasi-
steady state assumption [14]. When the ni-
trogen droplet is in saturated condition, as in
the experiments, the droplet heating is mini-
mum hence the constant effective latent heat
assumption and the the D2-law is probably
valid.
When the vapour phase diffusivity is much
larger than the liquid phase diffusivity (≈ two
orders greater) and the vapour phase is at low
pressures, then the vapour phase responds in
a quasi-steady manner [14, 15, 16]. In such
cases, the value of α can be computed from
the mean properties of the vapour that sur-
rounds the droplet such as its thermal con-
ductivity kb, specific heat cp , the temperature
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Figure 5: Bubble volume growth for a nitrogen droplet boiling in (a) 2-propanol, (b) methanol, (c) n-pentane
and (d) n-hexane maintained at 294 K. For each data set, the correspondence between the symbol and the
initial bubble volume V0 (mm
3) and the initial droplet volume v0 (mm
3) is given in the legend. Gaps in the
data, when measurement are not possible are filled with dotted lines to improve readability.
Please note that, mathematically, the D2-law
is developed based on the boundary condition
that the effective latent heat (which takes
into account the droplet heating) is a con-
stant value and does not require the quasi-
steady-state assumption [14]. When the ni-
trogen droplet is in saturated condition, as in
the experiments, the droplet heating is mini-
mum hence the constant effective latent heat
assumption and the the D2-law is probably
valid.
When the vapour phase thermal diffusiv-
ity is much larger than the liquid phase ther-
mal diffusivity (≈ two orders greater) and
the vapour phase is at low pressures, then
the vapour phase responds in a quasi-steady
manner [14, 15, 16].In such cases, the value
of α can be computed from the mean proper-
ties of the vapour that surrounds the droplet
such as its thermal conductivity kb, specific
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heat cp ,the temperature difference between
the droplet (Td) and its surrounding vapour
(Tb) as well as the droplet properties such as
its density ρd and its latent heat of vaporiza-
tion hfg as shown below. α has the dimension











Making the assumption that such a be-
haviour still holds in the case of a bub-
ble confined droplet evaporation process and
that the pressure inside the bubble is roughly
equal to the atmospheric pressure Pa, one
can show (see Appendix A) that the volume











Where Vb is the bubble volume at time t, V0
is the initial volume of the bubble, v0 is the
initial volume of the droplet, ρd is the den-
sity of nitrogen, MN2 its molar mass, R is
the ideal gas constant and τ = αt/r20 is the
dimensionless time based on the open space
evaporation time te = r
2
0/α. The definition
of the mean temperature based on mass con-
servation considerations, is also given in ap-
pendix Appendix A, Eq.(A.5). Eq.(3) sug-
gests that plotting [Vb − V0]/v0 as a function
of τ is a relevant way to rescale the raw data
presented in Fig.5. A graph of the bubble vol-
ume growth normalized by the initial droplet
volume and plotted against the dimension-
less time is shown in Fig.6. The plot scales
most data well and confirms that the volume
growth is proportional to time. Fig.6 shows
that Eq.(3) with a correction factor of four
(i.e. κ′ = 4κ) scales the data very well for the
droplet evaporating in 2-propanol, methanol
and n- hexane with the deviation varying be-
tween ±4−30 %. However, the data obtained
difference between the droplet (Td) and its
surrounding vapour (Tb) as well as the droplet
properties such as its density ρb and its latent
heat of vaporization hfg as shown below. α
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equal to the atmospheric pressure Pa, one
can show (see Appendix A) that the volume






















Figure 6: Experimental data rescaled using the re-
lationship in Eq.(3). For 2-propanol, methanol, n-
pentane and n-hexane. Except for n-pentane (black
arrow), experimental points collapse fairly well on a
single linear curve (see text for further explanations).
Note that in this figure only, we used a single sym-
bol for all data related to one specific fluid(circles/2-
propanol ; triangles/methanol ; diamonds/n-pentane
; squares/n-hexane). The shaded region represents
the 30% deviation from the scaling correlation pre-
diction.
Where Vb is the bubble volume at time t, V0
is the initial volume of the bubble, v0 is the
initial volume of the droplet, ρd is the den-
sity of nitrogen, MN2 its molar mass, R is
the ideal gas constant and τ = αt/r20 is the
dimensionless time based on the open space
evaporation time te = r
2
0/α. The definition
of the mean temperature based on mass con-
servation considerations, is also given in ap-
pendix Appendix A, Eq.(A.5). Eq.(3) sug-
gests that plotting [Vb − V0]/v0 as a function
of τ is a relevant way to rescale the raw data
presented in Fig.5. A graph of the bubble vol-
ume growth normalized by the initial droplet
volume and plotted against the dimension-
less time is shown in Fig.6. The plot scales
most data well and confirms that the volume
growth is proportional to time. Fig.6 shows
that Eq.(3) with a correction factor of four
(i.e. κ′ = 4κ) scales the data very well for the
droplet evaporating in 2-propanol, methanol
and n- hexane with the deviation varying be-
tween ±4−30 %. However, the data obtained
when n-pentane was used as the bulk liq-
uid show a larger growth rate (still propor-
tional with time) with the deviation between
±24 − 65 %. The effect of bulk liquid prop-
erties will be discussed in detail in the next
section (§3.2.2).
An interesting observation is that although
the droplet size rescales well using the dif-
fusion controlled D2-law, the growth rate of
the bubble radius Rb is proportional to the
cube root of time (Rb ∼ t1/3) for all the
data. Although heat transfer was the dom-
inant growth mechanism, the radial growth
rate of the bubble differed from heat con-
trolled growth regime (Rb ∼ t1/2) of a vapour
bubble growing in a superheated liquid [17].
Note that in one of the experiments, the bub-
ble growth rate in methanol goes to zero as
τ goes to 1. It could be because the droplet
within the bubble has been completely evap-
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when n-pentane was used as the bulk liq-
uid show a larger growth rate (still propor-
tional with time) with the deviation between
±24 − 65 %. The effect of bulk liquid prop-
erties will be discussed in detail in the next
section (§3.2.2).
An interesting observation is that although
the droplet size rescales well using the dif-
fusion controlled D2-law, the growth rate of
the bubble radius Rb is proportional to the
cube root of time (Rb ∼ t1/3) for all the
data. Although heat transfer was the dom-
inant growth mechanism, the radial growth
rate of the bubble differed from heat con-
trolled growth regime (Rb ∼ t1/2) of a vapour
bubble growing in a superheated liquid [17].
Note that in one of the experiments, the bub-
ble growth rate in methanol goes to zero as
τ goes to 1. It could be because the droplet
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within the bubble has been completely evap-
orated so the non-dimensional time is the ap-
propriate characteristic time of the evapora-
tion process. However, this could not be ver-
ified experimentally since the inside of the
bubble was obscured by an opaque vapour
cloud.
3.2.2. Effect of bulk fluid properties
The major bulk fluid properties that could
potentially influence the droplet evaporation
rates and hence the bubble growth rates are
given in Table 2. The relative contribution
of different forces and fluid properties to the
growth rate of the bubble radius Rb can be
calculated from the Rayleigh-Plesset equa-
tion [18] together with the measured experi-
mental data.
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Figure 7: Respective amplitudes of the inertial, vis-
cous and capillary terms in Eq.(4). Capillary terms
are at least one order of magnitude larger than iner-
tial and viscous terms.


























where pressure inside the bubble Pb and
bubble radius Rb are functions of time. Pl is
the bulk liquid pressure (Pa), ρl is the bulk
liquid density and νl is the kinematic viscos-
ity of the bulk liquid (m2 s−1). Note that the
Rayleigh-Plesset equation assumes a uniform
bubble pressure. The first two terms on the
right hand side of Eq.(4) represent the iner-
tial effects, the third term the viscous effects
and the last term the surface tension effects.
A typical result is shown in Fig.7 which shows
that the surface tension effects are two orders
of magnitude higher than the inertial effects
and viscous effects. Therefore, the surface
tension is the dominating term in the bub-
ble growth and the simplified Young-Laplace
equation shall be used to predict the bub-
ble growth dynamics. If the same amount
of nitrogen molecules are trapped inside the
bubble and the surface tension is reduced,
the bubble has to be larger so that the bub-
ble pressure is reduced to a level which can
be balanced by the reduced surface tension
force. This explains why the bubbles in n-
pentane tend to be the largest while bubbles
in methanol tends to be smallest when com-
pared to their initial droplet diameters.
In summary, section 3 showed that the
bubble growth rate data can be scaled with a
correction factor (κ′). The need for this cor-
rection could be due to the assumptions of
a LN2 droplet evaporating in open air, the
neglected effects of convection both within
the bubble and in the bulk liquid and the
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where pressure inside the bubble Pb and
bubble radius Rb are functions of time. Pl is
the bulk liquid pressure (Pa), ρl is the bulk
liquid density and νl is the kinematic viscos-
ity of the bulk liquid (m2 s−1). Note that the
Rayleigh-Plesset equation assumes a uniform
bubble pressure. The first two terms on the
right hand side of Eq.(4) represent the iner-
tial effects, the third term the viscous effects
and the last term the surface tension effects.
A typical result is shown in Fig.7 which shows
that the surface tension effects are two orders
of magnitude higher than the inertial effects
and viscous effects. Therefore, the surface
tension is the dominating ter in the bub-
ble growth and the simplified Young-Laplace
equation shall be used to predict the bub-
ble growth dynamics. If the same amount
of nitrogen molecules are trapped inside the
bubble and the surface tension is reduced,
the bubble has to be larger so that the bub-
ble pressure is reduced to a level which can
be balanced by the reduced surface tension
force. This explains why the bubbles in n-
pentane tend to be the largest while bubbles
in methanol tends to be smallest when com-
pared to their initial droplet dia eters.
In summar , section 3 showed that the
bubble growth rate data can be scaled with a
correction fac r (κ′). The need for this cor-
rection could be due to the a sumptions of
a LN2 droplet evaporating in op n air, the
neglected effects of convection both within
the bubble and in the bulk liquid and the
use of a mean temperature (T )to compu e κ.
In order to account for the droplet evapora-
tion i a confin d bubble with a non-uniform
temperature profile within the bubble, a on -
dim nsional analytical model was proposed
as detailed in section (4.1).
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Table 2: Thermophysical properties of the bulk liquids at 294 K.
2-Propanol n-Hexane n-Pentane Methanol
Density ρl (kg m3) 780.86 658.58 624.92 790.22
Dynamic viscosity µl (Pa s) 1.96× 10−3 0.3× 10−3 0.22× 10−3 0.577× 10−3
Surface tension σl (mN m−1) 21.74 18.50 16 22.95
Thermal diffusivity αl (m
2 s−1) 70.0× 10−9 86.6× 10−9 78.7× 10−9 101.9× 10−9
Solubility in LN2 (mole fraction) Not available 7× 10−9 30× 10−9 Not available
4. Modelling and discussion
4.1. Conduction-based model
A one-dimensional (1D) analytical model
based on a simplified spherically symmetric
geometry (see Fig.8), was developed to pre-
dict the bubble growth. The initial bubble
size is taken as the measured bubble size at
t = 0. The key assumptions of the model are:
1. The LN2 droplet stays in the centre of
the bubble and has a uniform temper-
ature Td equal to the saturation tem-
perature. Calculations show that the
change of sensible heat of the droplet
during evaporation is only a small frac-
tion of the latent heat even for the
largest droplets encountered in experi-
ments so that the sensible heat is ignored
in the energy analysis;
2. The temperature Tb at the bubble
boundary is equal to that of the bulk
temperature (i.e. Tb = Tl); A sepa-
rate steady state heat conduction analy-
sis performed with the current bulk liq-
uids that have high heat capacities and
thermal diffusivities showed that this as-
sumption is valid;
3. The bulk liquid is considered to be in-
compressible ;
4. Viscous and inertial forces in the bulk
liquid can be ignored, as discussed in
section 3.2.2, and the bubble is in quasi-
equilibrium condition so that the Young-
Laplace equation is applicable at differ-
ent Rb;
5. The pressure within the bubble Pb is con-
sidered as uniform, i.e., the pressure re-
laxation times are small and the nitrogen
vapour follows the ideal gas law (com-
pressibility factor of nitrogen at 1 bar
saturation condition is 0.96 [19] so it is
very close to idea gas behaviour);
6. Nitrogen and the bulk liquids are immis-
cible so mass transfer across the bubble
boundary is negligible;
7. The convective heat transfer in both the
bulk fluids and the nitrogen vapour in-
side the bubble are ignored .
8. It is further assumed that a quasi-steady
temperature profile inside the nitrogen
vapour is established instantaneously at
each time step and can be calculated
based on the steady-state heat conduc-
tion analysis.
The quasi-steady assumption may not be
valid due to (a) finite thermal diffusivity of
the nitrogen vapour, (b) radial convection
due to the expansion of the bubble, (c) the re-
circulation convection within the bubble due
to the motion of the droplet. To evaluate the
effect of thermal diffusivity and radial con-
vection, we calculate the lower bound of the
Peclet number (Pe) from the initial values of
the bubble radius R0 and the initial bubble
radial growth rate dRb/dt|t=0 (considered as











Figure 8: Geometrical configuration used for the model (spherical symmetry).
effect of thermal diffusivity and radial con-
vection, we calculate the lower bound of the
Peclet number (Pe) from the initial values of
the bubble radius R0 and the initial bubble
radial growth rate dRb/dt|t=0 (considered as
a typical velocity), which lies in the range
[0.2− 1.1], so the quasi-steady state assump-
tion is not fully justified in conditions when
Pe ≥ O(1). The experimental data shows
that the droplet is very mobile during its
evaporation so the effect of recirculation con-
vection could be very significant. Consider-
ing the full modelling will require a very de-
manding detailed three-dimensional transient
model, as a first step to model the complex
evaporation process, we will ignore these ef-
fects and aim to quantify the error introduced
by the quasi-steady state assumptions and to
find a way to correct it if necessary.
The steady-state one dimensional heat con-
duction in radial direction is given by
∇2T = 0 (5)
Integrating the above equation between the
droplet and bubble radii, and applying the
boundary conditions: Tb = Tl at r = Rb,
T = Td at r = rd, leads to the following tem-
perature profile:








The heat flux q transferred into the droplet
from the surrounding nitrogen can then be












Based on Assumption 1, the mass of LN2
evaporated during a time dt (assuming the






The previous equation can be rewritten in





and the change in the droplet radius due to






Figure 8: Geometrical configuration used for the model (spherical symmetry).
[0.2− 1.1], so the quasi-steady state assump-
tion is not fully justified in conditions when
Pe ≥ O(1). The experimental data shows
that the droplet is very mobile during its
evaporation so the effect of recirculation con-
vection could be significant. Considering the
full modelling will require a very demanding
detailed three-dimensional transient model,
as a first step to model the complex evap-
oration process, we will ignore these effects
and aim to quantify the error introduced by
the quasi-steady state assumptions and find
a way to correct it if necessary.
The steady-state one dimensional heat con-
duction in radial direction is given by
∇2T = 0 (5)
Integrating the above equation between the
droplet and bubble radii, and applying the
boundary conditions: Tb = Tl at r = Rb,
T = Td at r = rd, leads to the following tem-
perature profile:








The heat flux q transferred into the droplet
from the surrounding nitrogen can then be












Based on Assumption 1, the mass of LN2
evaporated during a time dt (assuming the






The previous equation can be rewritten in





and the change in the droplet radius due to





The evaporated nitrogen vapour will then
add up to the existing vapour which leads to
an increase in the bubble pressure. Hence the
bubble will grow to re-establish the force bal-
ance at the boundary. Based on the Assump-
tions 4 and 5, the nitrogen vapour density
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5 Pa as the bulk liquid is open to
atmosphere and the additional pressure im-
posed on the bubble due to the liquid head
(ρlgRb) is small and hence neglected.
The total number of moles in the vapour













The change in the bubble size dRb when dn
extra moles of nitrogen are added to the
vapour layer can then be obtained by differ-






























The droplet and bubble radii can be up-
dated using a first order incrementation -
i.e. Rb(t + δt) = Rb(t) + dRb, rd(t + δt) =
rd(t) + drd. These updated values can then
be used to perform the steady-state heat con-
duction analysis at the next time and calcu-
late the amount of evaporated nitrogen, the
change in radii dRb and drd and so on. In or-
der to choose the appropriate time step that
produced a largely unchanged temperature
profile in the vicinity of the droplet, different
values of dt have been tested and the value
dt = 0.5 ms was retained.
4.2. Confrontation to experimental data
The bubble growth rate predicted by the
model with pure conductive limit (kb) for the
smallest droplet evaporating in 2-propanol is
shown in Fig.9a,together with experimental
data. Only one data set is shown to improve
legibility. Fig.9 a shows that the model cap-
tures the trends fairly well for different bulk
fluids and initial droplet sizes but consistently
underestimates the growth rate.
This is firstly due to an oversimplification
of the fixed droplet position - i.e. assumption
1. Indeed, the droplet was observed to move
around within the bubble and spends some of
its life close to the bubble lower boundary as
sketched in Fig.10. Secondly, the convection
effects both within the bubble and the bulk
liquid are not captured by the model with
pure conduction.
In order to estimate the maximum evap-
oration rate while taking into account the
droplet positioned close to the bubble bound-
ary, the model detailed in section 4.1 was
modified to account for the effects shown
in Fig.10. An expression for predicting the
vapour layer thickness δ of a small spherical
evaporating droplet on a solid was given by









where a is the capillary length. The previ-
ous expression was derived by equating the
evaporating mass flow due to heat transfer
into the droplet and the mass flow due to the
pressure exerted on the film by the droplet
lubrication theory. The capillary length of
the largest droplet found in the experiments
is larger than the radius of the droplet (a =
[σd/(ρdg)]
1/2 ' 1.18 mm > rd = 0.36 mm) ,
indicating that the droplet is nearly spheri-
cal. Considering the bulk liquid as an incom-
pressible smooth surface, Eq.(14) is likely to
be a good approximation for predicting the
vapour layer thickness between the droplet
and bubble-bulk liquid interface. The evap-

















































































Figure 9: Predicted bubble growth rates with an effective thermal conductivity (keff = 1.6 × kb) against
experimental data for a nitrogen droplet boiling in (a) 2-propanol, (b) methanol, (c) n-pentane and (d)
n-hexane maintained at 294 K. For each data set, the correspondence between the symbol and the initial
bubble volume V0 (mm
3) and droplet volume v0 (mm
3) is given in the legend. Note that, for each liquid,
two or three data sets have been removed to improve legibility.
be a good approximation for predicting the
vapour layer thickness between the droplet
and bubble-bulk liquid interface. The evap-
oration rate of the droplet was then com-
puted by considering quasi-steady heat trans-
fer across the vapour layer, with the heat act-
ing on the lower hemisphere surface area of
the droplet. The bubble growth rate was then
computed as in the earlier case. The mod-
elling results for the largest droplet evaporat-
ing in 2-propanol is also shown in Fig.9a (Lei-
denfrost limit). Only one data set is shown
to improve legibility. The results show that
the model accounting for evaporation under
Leidenfrost condition overestimates the bub-
ble growth rates for all the initial conditions
considered.
To correct for the simplified eccentric con-
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Figure 9: Predicted bubble growth rates with an effective thermal conductivity (keff = 1.6 × kb) against
experimental data for a nitrogen droplet boiling in (a) 2-propanol, (b) methanol, (c) n-pentane and (d)
n-hexane maintained at 294 K. For each data set, the correspondence between the symbol and the initial
bubble volume V0 (mm
3) and droplet volume v0 (mm
3) is given in the legend. Note that, for each liquid,
two or three data sets have been removed to improve legibility.
puted by considering quasi-steady heat trans-
fer across the vapour layer, with the heat act-
ing on the lower hemisphere surface area of
the droplet. The bubble growth rate was then
computed as in the earlier case. The mod-
elling results for the largest droplet evaporat-
ing in 2-propanol is also shown in Fig.9a (Lei-
denfrost limit). Only one data set is shown
to improve legibility. The results show that
the model accounting for evaporation under
Leidenfrost condition overestimates the bub-
ble growth rates for all the initial conditions
considered.
To correct for the simplified eccentric con-
figuration, an empirical effective thermal con-
ductivity keff = 1.6 × kb was introduced to
account for the motion of the droplets and
the effects of convection within the bubble.
The modelling results using keff were plotted
in Fig.9 for different initial droplet sizes and
bulk liquids.
The corrected predications are in good
agreement with data obtained for different
droplet radii while evaporating in 2-propanol,
methanol and n-hexane. For n-pentane, the
predicted growth rates were still lower than
the experimental data. The effective ther-










Figure 10: Breaking of spherical symmetry and con-
vection (due to density gradients and bubble shape
fluctuations) are taken into account by introducing
an effective thermal conductivity keff - see text for
further comments.
figuration, an empirical effective thermal con-
ductivity keff = 1.6 × kb was introduced to
account for the motion of the droplets and
the effects of convection within the bubble.
The modelling results using keff were plotted
in Fig.9 for different initial droplet sizes and
bulk liquids.
The corrected predications are in good
agreement with data obtained for different
droplet radii while evaporating in 2-propanol,
methanol and n-hexane. For n-pentane, the
predicted growth rates were still lower than
the experimental data. The effective ther-
mal conductivity produced a good fit for the
experimental data. A more insightful under-
standing and accurate calculation of the keff
in different conditions will likely need a much
more complex multi-dimensional model that
takes into account the detailed motions of the
droplet and the relevant convective current
inside the bubble.
5. Heat transfer rates
The heat fluxes to the bubble surface were
computed from the bubble growth obtained








where Ab is the estimated surface area of
the bubble. The assumption made to obtain
the previous expression is that the heat
transferred into the bubble is used to evapo-
rate the LN2 into nitrogen vapour and then
heat it to the arithmetic mean temperature
between the bulk and saturation tempera-
ture. Fig.11 shows the experimental heat
fluxes to the bubble along with the results
produced by the model. The decreasing
trend of heat flux with time is well captured
by the model; however, the experimental
data is scattered due to the evaporation
process being influenced by the motion of
the droplet. The heat fluxes are higher at
the start, gradually reducing with time as
the droplet reduces in size and the bubble
grows in size.
Heat fluxes to the droplet surface were
computed from Eq.(16) assuming the droplet
surface area (Ad) remains fairly constant dur-
ing the evaporation process. This assumption
seems valid since the droplet volume does not
vary significantly (typically ∆vd/vd ∼ 1 %








The droplet evaporating in n-pentane has the
highest heat flux while the droplet evaporat-
ing in methanol has the lowest heat flux. A
comparison between the heat fluxes obtained
from experiments was done with pool boiling
data available for LN2. The average value of
heat flux obtained in current experiments was
25 W cm−2, which is higher than the heat flux
(based on the heating surface area) measured
during pool boiling of liquid nitrogen (6.5 W
cm−2) for the same temperature difference
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Figure 10: Breaking of spherical symmetry and con-
vection (due to density gradients and bubble shape
fluctuations) are taken into account by introducing
an effective thermal conductivity keff - see text for
further comments.
experimental data. A more insightful under-
standing and accurate calculation of the keff
in different conditions will likely need a much
more complex multi-dimensional model that
takes into account the detailed motions of the
droplet and the relevant convective current
inside the bubble.
5. Heat transfer rates
The heat fluxes to the bubble surface were
computed from the bubble growth obtained
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rate the LN2 into nitrogen vapour and then
heat it to the arithmetic mean temperature
between the bulk and saturation tempera-
ture. Fig.11 shows the experimental heat
fluxes to the bubble along with the results
produced by the model. The decreasing
trend of heat flux with time is well captured
by the model; however, the experimental
data is scattered due to the evaporation
process being influenced by the motion of
the droplet. The heat fluxes are higher at
the start, gradually reducing with time as
the droplet reduces in size and the bubble
grows in size.
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The droplet evaporating in n-pentane has the
highest heat flux while the droplet evaporat-
ing in methanol has the lowest heat flux. A
comparison between the heat fluxes obtained
from experiments was done with pool boiling
data available for LN2. The average value of
heat flux obtained in current experiments was
25 W cm−2, which is higher than the heat flux
(based on the heating surface area) measured
during pool boiling of liquid nitrogen (6.5 W
cm−2) for the same temperature difference
[21]. Considering the cumulative droplet sur-
face area in a cryogenic spray is much larger
than the area of the heating surface in typi-
cal pool boiling chamber, the direct injection
of cryogenic sprays into a warmer immiscible
liquids can provide a much more efficient way
to evaporate the cryogen.
6. Conclusions
An experimental technique for precisely
measuring the droplet and bubble sizes dur-































Figure 11: Heat fluxes (W cm−2) into a nitrogen bubble growing in (a) 2-propanol, (b) methanol, (c) n-
pentane and (d) n-hexane maintained at 294 K together with the modelling results. For the correspondence
between symbols and lines, see legends in Fig.9.
[21]. Considering the cumulative droplet sur-
face area in a cryogenic spray is much larger
than the area of the heating surface in typi-
cal pool boiling chamber, the direct injection
of cryogenic sprays into a warmer immiscible
liquids can provide a much more efficient way
to evaporate the cryogen.
6. Conclusions
An experimental technique for precisely
measuring the droplet and bubble sizes dur-
ing evaporation of a liquid nitrogen droplet
in different immiscible liquids has been pre-
sented. Based on authors’ best knowledge,
this is the first study to visualise and quan-
tify the detailed evaporation process of an iso-
lated cryogenic liquid droplet immersed into
a high temperature immiscible bulk liquid in
the ‘film boiling’ regime. The experimental
results showed that the initial droplet size
has a dominant influence on the surrounding
bubble growth while other bulk liquid prop-
erties also influenced the surrounding bubble
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Figure 11: Heat fluxes (W cm−2) into a nitrogen bubble growing in (a) 2-propanol, (b) methanol, (c) n-
pentane and (d) n-hexane maintained at 294 K together with the modelling results. For the correspondence
between symbols and lines, see legends in Fig.9.
in different immiscible liquids has been pre-
sented. Based on authors’ best knowledge,
this is the first study to visualise and quan-
tify the detailed evaporation process of an iso-
lated cryogenic liquid droplet immersed into
a high temperature immiscible bulk liquid in
the ‘film boiling’ regime. The experimental
results showed that the initial droplet size
has a dominant influence on the surrounding
bubble growth while other bulk liquid prop-
erties also influenced the surrounding bubble
growth. The scaling analysis based on the










where κ′ is the empirical scaling coefficient
based on experimental data. This scaling cor-
relation captures the bubble growth process
reasonably well. A one dimensional quasi-
steady state heat conduction model with an
effective thermal conductivity has been pre-
sented that successfully captures the experi-
mental bubble growth rates with different ini-
tial droplet sizes and bulk liquids. The aver-
age heat flux (25 W cm−2) based on the ni-
trogen droplet surface area was significantly
higher than that of the pool boiling of liquid
nitrogen which is based on the heating sur-
face area.
In summary, the results obtained through
this study confirms that a spray of cryogenic
droplets boiling in an immiscible liquid can
provide an efficient method for utilizing the
stored exergy in cryogenic liquids for cooling
and energy applications, especially when the
bulk liquid has a low surface tension. The
developed model provides a convenient way
to predict the evaporation rate of a single
cryogenic droplet immersed into an immis-
cible liquid, which can be used together to
predict the evaporation rates of a cryogenic
sprays in the future.
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Appendix A. Rescaled variables
The objective of this appendix is to justify
the choice made in the rescaling of the raw
data. In the case of an unconfined droplet
whose evaporation is dominated by diffusion
processes (mass and heat transfers), the time
evolution of the droplet radius is properly
rendered by a D2-law [13, 22]. The decrease
in time of the radius rd of a drop of initial




0 − αt (A.1)
where the coefficient α has the dimension of
a diffusivity. Differentiating Eq.(A.1) with




= −2πα (r20 − αt)1/2 (A.2)
which governs the decrease of the droplet vol-
ume in time. By introducing in the previous
equation the density of nitrogen ρd and its
molar weight MN2 , one obtains the number
of moles of nitrogen n leaving the drop per




[r20 − αt]1/2 (A.3)
In the following, we assume that (i) the pres-
sure in the bubble is constant in time and
close to the atmospheric pressure Pa, (ii) ni-
trogen can be considered as an ideal gas, (iii)
the change in volume due to the shrinking of
the droplet can be neglected. We also make
the rough additional assumptions that (iv)
the bubble cavity is at mean temperature T
constant in time. The previous equation can







[r20 − αt]1/2 (A.4)
where Vb is the volume of the bubble. For
conservation reasons (see §4.1), the mean
temperature T used in Eq.(A.4) is the space












where the temperature profile is the steady
temperature profile given by Eq.(6) at time
19
zero. In the small times limit t  te, Eq.
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[20] A. Biance, C. Clanet, and D. Quéré. Leidenfrost drops. Phys. Fluids, 15:1632–1637, 2003.
[21] M. Kida, Y. Kikuchi, O. Takahashi, and I. Michiyoshi. Pool-boiling heat transfer in liquid
nitrogen. J. Nucl. Sci. Technol., 18:501–513, 1981.
[22] I. Langmuir. The evaporation of small spheres. Phys. Rev., 12:368–370, 1918.
IJHMT2019
22
